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Abstract. We study mapping properties of Toeplitz operators associated to a finite positive 
Borel measure on a bounded strongly pseudoconvex domain D CC C". In particular, we 
give sharp conditions on the measure ensuring that the associated Toeplitz operator maps the 
Bergman space AP{D) into A'^{D) with r > p, generalizing and making more precise results by 
Cuckovic and McNeal. To do so, we give a geometric characterization of Carleson measures and 
of vanishing Carleson measures of weighted Bergman spaces in terms of the intrinsic Kobayashi 
geometry of the domain, generalizing to this setting results obtained by Kaptanoglu for the unit 
ball. 



1. Introduction 

Let X be a Hilbert algebra, Y d X a, Hilbert subspace, and P: X ^ Y the orthogonal pro- 
jection. If / G X is given, the Toeplitz operator of symbol f is the operator Tf : X ^ Y given by 
Tf{g)^P{fg). 

In complex analysis, the most important orthogonal projection is the Bergman projection of 
L'^iD) onto A^iD), where D CC C" is a bounded domain, Ap{D) = LP{D)nO{D) is the Bergman 
space of LP holomorphic functions, and 0{D) is the space of holomorphic functions on D. The 
Bergman projection B is an integral operator of the form 

Bf{z)^ f K{z,w)f(w)dy(w) , 

J D 

where K : D x D ^ <C is the Bergman kernel, and v denotes the Lebesgue measure. The Bergman 
projection has often been used to produce holomorphic functions having specific additional (e.g., 
growth) properties; to do so it has been necessary to study its mapping properties on more general 
Banach spaces, for instance LP spaces or Holder spaces. This has been done for large classes of 
domains, e.g., strongly pseudoconvex domains and finite type domains (see |30j . [4], [27], [5]), 
where enough information on the boundary behavior of the Bergman kernel is known. 

It turns out that usually the Bergman projection maps continuously the given Banach spaces 
into themselves; and this is the best one can expect, because for each p > 1 in A'^{D) there are 
functions belonging to Ap{D) but to no A'^{D) for any q > p, and the Bergman projection is the 
identity on A'^{D). However, in many applications an operator creating holomorphic functions 
with better growth conditions might be useful. Thus Cuckovic and McNeal in [3] suggested using 
special Toeplitz operators of the form 



Ts.fiz) = 5(5"/) - / K{z,w)f{w)S{wr di^iw) 



D 
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where 77 > and S{w) ~ d{w, dD) is the euchdean distance from the boundary, and they were able 
to prove the following result: 

Theorem 1.1 Theorem 1.2]). Let D CC C" be a bounded strongly pseudoconvex domain, and 
let ry > 0. 

(a) IfO<i]<n+l, then: 

(i) if 1 < p < 00 and < then Tgii : L^{D) — >■ U'^^{D) continuously, where 

(ii) if 1 < p < 00 and ^"^j;^ > then Tgv : U'[D) U'{D) continuously for all 
p < r < 00. 

(b) If'n>n + l, then Ts-n : L^{D) L'^iD) continuously. 

Related operators have also been studied (but only for D = B", the unit ball of C", and without 
discussing possible improvements in growth conditions) in [Tl] , [TH] and [53] ; in particular [19j deals 
also with the problem of deciding when such operators are compact. 

Cuckovic and McNeal raised the question of whether the gain in the exponents obtained in 
Theorem ll.ll is optimal, and gave examples showing that this is the case when n = 1; but they left 
open the problem for n > 1. As a consequence of our work (see Theorem 11.21 below), we shall be 
able to answer this question; more precisely, we shall be able to characterize completely, in a class 
of operators even larger than the one considered by Cuckovic and McNeal, the operators giving a 
specific gain in the exponents. 

To express our results, let us first introduce the larger class of operators we are interested in. 
Given a finite positive Borel measure p, on D, the Toeplitz operator associated to fi is given by 

Tf,f{z)^ K{z,w)f{w)dfj.{w) ; 
Jd 

clearly the Toeplitz operators Tgv considered by Cuckovic and McNeal are the Toeplitz operators 
associated to the measures S^v. Similar operators were considered by Kaptanoglu |19j on the 
unit ball of C", and by Schuster and Varolin [32] in the setting of weighted Bargmann-Fock spaces 
on . They noticed relationships between the mapping properties of the Toeplitz operator and 
Carleson properties of the measure /z (still without considering possible gains in integrability) . In 
this paper we shall precise, extend and considerably generalize these relationships in the setting of 
bounded strongly pseudoconvex domains; to do so we shall also prove a geometrical characterization 
of Carleson measures for weighted Bergman spaces. 

Carleson measures have been introduced by Carleson [B] in his celebrated solution of the corona 
problem in the unit disk of the complex plane, and, since then, have become an important tool 
in analysis, and an interesting object of study per se. Let A be a Banach space of holomorphic 
functions on a domain D C C"; given p > 1, a finite positive Borel measure ^ on £> is a Carleson 
measure of A (for p) if there is a continuous inclusion A ^ L^di), that is there exists a constant 
C > such that 

V/eA / |/rd/i<C|l/||^; 
Jd 

we shall furthermore say that /i is a vanishing Carleson measure of A if the inclusion A ^ LP{^) 
is compact. 

Carleson studied this property taking as Banach space A the Hardy spaces HP{A), and proved 
that a finite positive Borel measure is a Carleson measure of HP{A) for p if and only if there 
exists a constant C > such that fi{Sgg^h) < Ch for all sets 

Se„,h = W e A I 1 - /i < r < 1, \e-9o\<h} 
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(see also [I^); in particular the set of Carleson measures of HP{A) does not depend on p. 

In this paper we are however more interested in Carleson measures for Bergman spaces. In 1975, 
Hastings TS' (see also Oleinik and Pavlov and Oleinik [55" ) proved a similar characterization 
for the Carleson measures of the Bergman spaces Ap{A), still expressed in terms of the sets Sg^h- 
Later on, Cima and Wogen [8] have characterized Carleson measures for Bergman spaces in the 
unit ball _B" C C", and Cima and Mercer characterized Carleson measures of Bergman spaces in 
strongly pseudoconvex domains, showing in particular that the set of Carleson measures of Ap[D) 
is independent of p > 1, a typical feature of this subject. 

Cima and Mercer's characterization of Carleson measures of Bergman spaces is expressed using 
suitable generalizations of the sets Sg^h] for our aims, it will be more useful a different charac- 
terization, expressed in terms of the intrinsic Kobayashi geometry of the domain. Given zq G -D 
and < r < 1, let BD{zQ,r) denote the ball of center zq and radius ^ log for the Kobayashi 
distance A; 73 of D (that is, of radius r with respect to the pseudohyperbolic distance p = tanh(fc£)); 
see Section 2 for the necessary definitions). Then it is possible to prove (see Luecking [53] for 
D = A, Duren and Weir pil and Kaptanoglu [19 for D — B", and our previous paper [3] for D 
strongly pseudoconvex) that a finite positive measure /i is a Carleson measure of Ap(D) for p if 
and only if for some (and hence all) < r < 1 there is a constant Cr > such that 

^i(BD{zo,r)) <Crv[BD{zn,r)) 

for all Zq £ D. (The proof of this equivalence in [3] relied on Cima and Mercer's characterization [7]; 
in this paper we shall instead give a proof independent of [7], and of a more general result: see 
Theorem [331) 

Thus we have a geometrical characterization of Carleson measures of Bergman spaces, and it 
turns out that this geometrical characterization is crucial for the study of the mapping properties 
of Toeplitz operators; but first (see also [19 ) it is necessary to widen the class of Carleson measures 
under consideration. Given > 0, we say that a finite positive Borel measure /i is a (geometric) 
9 -Carleson measure if for some (and hence all) < ?' < 1 there is a constant > such that 

p{BD{zo,r)) <Crv{BD{zQ,r)Y 

for all Zq G D\ and we shall say that /z is a (geometric) vanishing 9 -Carleson measure if for some 
(and hence all) < r < 1 the quotient ii(^Bj:,{zQ,r)) /v(^Bj:,{zoTr)) tends to as zq ^ dD. In 
particular, a 1-Carleson measures is a usual Carleson measures of A^{D), and we shall prove (see 
Theorem II. 4p that (?-Carleson measures are exactly the Carleson measures of suitably weighted 
Bergman spaces. Furthermore, it is easy to see that when D = i?" a q-Carleson measure in the 
sense of [19] is a (1 + ;^)-Carleson measure in our sense. 

As a first example of the kind of results we shall be able to prove, we have the following theorem 
(see Corollarv I5.24|) . implying in particular Theorem 11.11 ^nd answering Cuckovic and McNeal's 
question about sharpness of the exponents: 

Theorem 1.2. Let D Cd C" be a bounded strongly pseudoconvex domain. Let fi be a finite positive 
Borel measure on D, and take 1 < p < r < +00. Then the following statements are equivalent: 

(i) : AP{D) A^{D) continuously (respectively, compactly); 

(ii) /i is (respectively, vanishing) f 1 + - — -Carleson. 
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It is not difficult to prove (see Lemma [3.8p tliat is a (^1 + ;;7^^-Carleson measure; since 
i — — if and only if G — / ( ^^^p" ^ p) ^ follows (see Corollary 15.51 for more de- 



tails, explaining in particular why, in this case, mapping properties for spaces imply mapping 
properties for spaces) that Theorem 11.21 does imply Theorem 11.11 and gives the best gain in 
integrability. 

The measures are just one example of 6'-Carleson measures; a completely different kind of 
examples is provided by uniformly discrete sequences. A sequence {zj} C D is uniformly discrete if 
there exists e > such that ko{zj, Zk) > e for all j ^ k. Then (see Theorem l3.1ip it turns out that 
a sequence {zj} C I? is a finite union of uniformly discrete sequences if and only if S{zjY"''^^^^ Sz^ 
is a 0-Carleson measure, where Sz^ is the Dirac measure in zj, and as a consequence of Theorem ll.2l 
we obtain the following 

Corollary 1.3. Let D CC C" be a bounded strongly pseudoconvex domain, take 1 < p < r < +oo 
and let {zj} d D be a sequence of points in D. Then the following statements are equivalent: 

(i) {zj} is a finite union of uniformly discrete sequences; 

(ii) for every f € A^^D) the function 

ff(z) = ^if(z,z,)/(^,)'^(^,)^"+'^^'+'-'^ 
j 

belongs to A^{D). 

On the other hand, S{zjY"'~^^^^ Szj is a vanishing 6'-Carleson measure if and only if {zj} is a 
finite sequence; see Theorem 14. 161 

To link 0-Carleson measures and mapping properties of Toeplitz operators we use three main 
tools. The first one is a detailed study of the intrinsic (Kobayashi) geometry of strongly pseudocon- 
vex domains, as performed in our previous paper 3 and summarized in Section 2. The second one 
is a precise estimate (see Theorem 12. 7p of the integrability properties of the Bergman kernel, done 
adapting techniques developed by McNeal and Stein [57] and Cuckovic and McNeal [5] . The third 
one is a characterization of (vanishing) 0-Carleson measures involving both the Bergman kernel 
and an interpretation of 0-Carleson measures as usual Carleson measures for weighted Bergman 
spaces. Here, given /3 e R, the weighted Bergman space AP{D, /3) is LP{6l^iy) D 0{D) endowed with 
the norm 

i/(c)r<5''(c)dKc)l " . 

D 

To express our results, for each zq G -D we shall denote by kz„ : 13 — !■ C the normalized Bergman 
kernel defined by 

K{z,zo) ^ K{z,zo) 

^K{zo,zo) \\Ki;Zo)h- 

The Berezin transform of a finite positive Borel measure fi on D is the function Bfi : D 
given by 

B^i{z) = [ \kz{w)f dfi{w) . 
Jd 

Then we shall be able to prove (see Theorems 13.31 and 13.71 for more details) the following char- 
acterization of 0-Carleson measures, generalizing the characterization of Carleson measures given 
in [3]: 



TOEPLITZ OPERATORS AND CARLESON MEASURES 



5 



Theorem 1.4. Let D CC be a bounded strongly pseudoconvex domain. Then for each < 
6 < 2 the following assertions are equivalent: 

(i) fi is a Carleson measure of Ap{D, {n + l){6- 1)),. that is Ap{D, {n + 1){9 - 1)) ^ LP(ji) 
continuously, for some (and hence all) p G [1, +cxd); 

(ii) /i is 9 -Carleson; 

(iii) there exists C > such that Bfi{z) < C(5(z)("+i)(^~i) for all z e D. 

Actually, it turns out that the implications (iii)<^=>(ii)=>(i) hold for any 9 > 0; see Remark l3.4l 
We also have a similar characterization (see Theorems 14.131 and I4.10p for vanishing 6'-Carleson 

measures, that, as far as we know, in the setting of strongly pseudoconvex domains is new for = 1 

too: 

Theorem 1.5. Let D CC C" be a bounded strongly pseudoconvex domain. Then for each 1 — < 
9 < 2 the following assertions are equivalent: 

(i) n is a vanishing Carleson measure of A^i^D, + — 1)), that is the inclusion A^i^D, {n + 
1){9 — 1)) ^ is compact, for some (and hence all) p £ [1, +oo); 

(ii) /Li is vanishing 9 -Carleson; 

(iii) we have 8{z)'^'^+^^^^-'^"i B^i{z) ^0 as z ^ dD. 

Again, the implications (iii)=>(ii)=>(i) hold for any 9 > 0; see Remarks 14.111 and 14.141 
The connection between Toeplitz operators and Berezin transform is given by the following 
useful formula (see Proposition 15 . 1 1|) : 

Bfi{z)^ / Tfj,kyXw)k^{w)dv{w) . 

J D 

Using this, estimates on the normalized Bergman kernel and a few basic functional analysis ar- 
guments, we obtain information on the growth of B^ from mapping properties of T^, and thus, 
via Theorems 11.41 and 11.51 information on Carleson properties of the measure ^l. Conversely, the 
integral Minkowski inequality and the estimates on the Bergman kernel allow us to relate Carleson 
properties of /i — that is, by Theorems 11.41 and 11.51 inclusions of suitable weighted Bergman spaces 
in LP{^) — with mapping properties of the associated Toeplitz operator. In this way, we obtain 
a large number of results, valid for p G [1,+cxd], the case p = 1 typically requiring a bit more 
care. The more general statements (see Theorems 15.21 15.71 15.81 15.91 15.121 15.181 and 15.191) are a bit 
technical; but a few particular cases can be stated more easily. One instance is Theorem 1 1.21 other 
examples are the following (see, respectively. Corollaries 15.271 15.281 15.29) and 15. 30p : 

Corollary 1.6. Let Z) CC C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D, and take l<p<r<p(l + i). Then the following statements are 
equivalent: 

(i) : AP{^D, {n + l)p(-^ — ^)) — > A^{D) continuously (respectively, compactly); 

(ii) /i is (respectively, vanishing) Carleson. 

Corollary 1.7. Let D CC C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D , and take 1 < p < +oo. Then the following statements are equivalent: 

(i) T^: AP{^D, —{n + l)e) — > Ap{D) continuously (respectively, compactly) for all e > 0; 

(ii) /i is (respectively, vanishing) 9 -Carleson for all 9 < 1. 

Corollary 1.8. Let D Cd C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D, and take 1 < r < -\-oo. Then the following statements are equivalent: 
(i) T)j : A^{p, —{n + l)e) A'^{D) continuously (respectively, compactly) for all e > 0; 
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(ii) /i is (respectively, vanishing) 9-Carleson for all 9 < 2 — . 



Corollary 1.9. Let D CC C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D, and take 1 < p < -\-oo. Then the following statements are equivalent: 

(i) : A^i^D^ —{n + l)e) — !■ A°°{D) continuously (respectively, compactly) for all e > 0; 

(ii) /i is (respectively, vanishing) 9-Carleson for all 9 < 1 + ^ . 

We should mention that the techniques introduced here might work in other domains too (e.g., 
smoothly bounded convex domains of finite type, or finite type domains in C^); but we restricted 
ourselves to strongly pseudoconvex domains to describe more clearly the main ideas. Finally, 
we expressed our results in terms of the Lebesgue measure, and using the euclidean distance 
from the boundary as weight, because this is the customary habit in this context; however, it is 
possible to reformulate everything in completely intrinsic terms. Indeed, let i^d be the invariant 
Kobayashi measure (see, e.g., [H]). Then [3^ implies that ^^(z^d) = Ap(^D, — (n + 1)); furthermore 
it is well known (see, e.g., [T]) that 5 is bounded from above and below by constant multiples 
of exp(2fc_D(2:o, •)) for any Zq S D. Thus all our statements can be reformulated in terms of 
completely intrinsic function spaces, using as reference measure and weights expressed in terms 
of the exponential of the Kobayashi distance from a reference point. 

The paper is structured as follows. In Section 2 we shall collect the preliminary results we need 
on the geometry of strongly pseudoconvex domains; in particular we shall prove (Theorem 12. 7p the 
integral estimates on the Bergman kernel mentioned before. In Section 3 we shall study 0-Carleson 
measures, proving the characterizations described above; in Section 4 we shall analogously study 
vanishing 0-Carleson measures, introducing the functional analysis results we shall need to deal 
with compactness properties of operators between weighted Bergman spaces. Finally, in Section 5 
we shall study the mapping properties of Toeplitz operators, proving our main theorems. 

2. Preliminaries 

Let D CC C" be a bounded strongly pseudoconvex domain in C". We shall use the following 
notations: 

• (5 : -D — > will denote the Euclidean distance from the boundary, that is d{z) = d{z, dD); 

• given two non-negative functions f,g:D^ M+ we shall write / r< 5 to say that there is 
C > such that f{z) < Cg(z) for all z £ D. The constant C is independent of z C D, but 
it might depend on other parameters (r, 9, etc.); 

• given two strictly positive functions /, g : -D — > we shall write f ^ g H f d: 9 and g d: f, 
that is if there is C > such that C~^g{z) < f{z) < Cg{z) for aU z e D; 

• V will be the Lebesgue measure; 

• 0{D) will denote the space of holomorphic functions on D, endowed with the topology of 
uniform convergence on compact subsets; 

• given 1 < p < +00, the Bergman space Ap{D) is the Banach space LP{D)nO{D), endowed 
with the L^-norm; 

• more generally, given /3 e R we introduce the weighted Bergman space 



AP{D,I3) ^ LP{S^u)r\0{D) 



endowed with the norm 




1 i/p 
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if 1 < p < OO, and with the norm 

ll/l|oo,^=||/<5^1|oo 

if p = oo ; 

• K: D X D ^ C will be the Bergman kernel of D; 

• for each zq Cz D we shall denote by kzg : D ^ <C the normalized Bergman kernel defined by 

K{z,zo) _ K{z,zo) 

• given r G (0, 1) and zq € D, we shall denote by Bd{zo, r) the Kobayashi ball of center zq 
and radius ^ log ■ 

See, e.g., PQ[21[T51[1T] for definitions, basic properties and applications to geometric fmiction theory 
of the Kobayashi distance; and [171 HB [HI [31] for definitions and basic properties of the Bergman 
kernel. 

Let us now recall a number of results proved in [3]. The first two give information about the 
shape of Kobayashi balls: 

Lemma 2.1 ([3] Lemma 2.1]). Let D CC C" be a bounded strongly pseudoconvex domain, and 
r e (0, 1). Then 

z.(SD(-,r)) «<5"+i , 

(where the constant depends on r). 

Lemma 2.2 ( 3, Lemma 2.2]). Let D Cd C" be a bounded strongly pseudoconvex domain. Then 
there is C > such that 

T^S{zo) > S{z) > ^S{zo) 
1 — r C 

for all r G (0, 1), zq G -D and z G Bd{z(), r). 

We shall also need the existence of suitable coverings by Kobayashi balls: 

Definition 2.3. Let D CC C" be a bounded domain, and r > 0. An r-lattice in D is a sequence 
{flfe} C D such that D — IJ^, BD{ak, r) and there exists m > such that any point in D belongs 
to at most m balls of the form Bniat, R), where R = i(l + ?'). 

The existence of r-lattices in bounded strongly pseudoconvex domains is ensured by the following 

Lemma 2.4 ([3j Lemma 2.5]). Let D CC C" be a bounded strongly pseudoconvex domain. Then 
for every r G (0, 1) there exists an r-lattice in D, that is there exist m G N and a sequence {a^} C D 
of points such that D = [J'^^q B£){aic,r) and no point of D belongs to more than m of the balls 
Bo{ak, R), where R — i(l + r). 

We shall use a submean estimate for nonnegative plurisubharmonic functions on Kobayashi 
balls: 

Lemma 2.5 ((^Si Corollary 2.8])). Let D CC C" be a bounded strongly pseudoconvex domain. 
Given r G (0, 1), set R = ^(1 + r) G (0, 1). Then there exists a > depending on r such that 

Wzq C D\/z C BD{zo,r) x(^) < /p / ^ Xdv 

for every nonnegative plurisubharmonic function x- D ^ R+. 

We now collect a few facts on the (possibly weighted) L^'-norms of the Bergman kernel and the 
normalized Bergman kernel. The first result is classical (see, e.g., [TB]]): 
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Lemma 2.6. Let D CC C" be a bounded strongly pseudoconvex domain. Then 
\\K{; zo)\\2 = VK{zo, zo) « (5(zo)-("+i)/' and ||fc.J|2 = 1 

for all zq G D. 

The next result is the main result of this section, and contains the weighted L'^-estimates we 
shall need: 

Theorem 2.7. Let D CC C" be a bounded strongly pseudoconvex domain, and let zq E D and 
1 < p < 00 . Then 

( S{zof-^^'+^'>'-P-^^ for -1< /? < (n + l){p - 1); 

(2.1) f \KiCzom0^d,^i0^l\logS{zo)\ /or/3 = (n + l)(p-l); 
^ [l for (3 > {n + l){p-l). 

In particular: 

(i) \\K{-,za)\\p^p ^ S{z„)p^^ and \\k,Jpj3 < (5(zo)^+p~^ when -1< /? < {n+l){p-l), 
where q > 1 is the conjugate exponent of p (and 2i±i — when p — 1); 

(ii) ||i^(-,zo)||p,/3 ^ 1 anrf ||fc^J|p,/3 ^ (5(^0)"^^ when /S > {n + l){p - 1); 

(iii) \\K{-,zo)\\p^^n+i){p~i) diS{zo)-^ and \\k^„\\p^(^n+i){p-i) d: S{zo)^ ^ for all e > 0. 
Furthermore. 

(iv) ||i^(-,zo)||oo,^ « (5(zo)^"'"+'' and \\h,\\oo,p ~ S{zo)f^'<^"+^y^ for all < P < n + 1; and 
\\K{; zo)\Ui3 - 1 and ||fc,JU,/3 ~ 5{zoY''+'^/^ for all (3 > n + 1. 

Proof. We shall closely follow the argument of 9, Proposition 3.4]. 

First of all, Kerzman 20 proved that the Bergman kernel of a bounded strongly pseudoconvex 
domain is smooth outside the boundary diagonal, that is C C°°{D x D \ Aq), where Ag = 
{{x,x) I X £ dD}. We also recall an (essentially sharp) estimate on the Bergman kernel which 
follows from Fefferman's expansion '13. Let r: C" — > R be a smooth defining function for D, that 
is 13 = {r < 0} and dr ^ on dD; since D is strongly pseudoconvex, we can also assume that the 
Levi form of r is positive definite on dD. Notice that, being D bounded, we have |r| « (5 on D. 
Then (see, e.g., [55]) there is C > such that for each x E dD wc can find a neighborhood ?7 of a; 
in C" and local coordinates (p — {tpi, . . . , (pn) : C/ — >■ C" so that 

(2.2) \K{w, z)\<c[ |r(z)| + \r{w)\ + -ifiHl+J^l 

\ k=2 

for ah z, u; G [/ n D. 

Cover dD with a finite number [/i, . . . , Um of such neighborhoods; we can also assume that 
they are so small that the quantity in brackets in the right-hand side of (|2.2I) is always less than 1. 
Setting Uq = D \ IJj=i Uj, the smoothness of the Bergman kernel outside the boundary diagonal 
implies that for any p > and /3 C R we have 

/ \K{CzoW5iCfdi.{C)dl 
for all Zq E D; we must control the integral on IJj-Li D. 
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We fix 1 < j < m, and we work in the local coordinated defined in Uj mentioned above. Since 
p>l and the quantity in brackets is less than 1, we have 



Ij = [ \K{w,z)\P6{wf du{i 

JUjf\D 

^ I (\r{z)\ + \r{w)\ + \zi-wi\+Y.\zk-Wk\^\ \r{w)f dv{w) 



-p(n+l) 



k=2 

We change again coordinates, putting Wk = Wk — Zk ior k = 2, . . . ,n, and wi = r{w)+ilm{wi—zi); 
we also put a; = Rewi and y = Imu;i = Im {wi — zi). Then, since \zi — wi\> \y\, we get 

Ij< i\r{z)\ + \x\ + \y\+y2\'^k\'^] \xfdw2---dwndxdy, 

-'^ V k=2 J 

where W = [0, d] x M x C"~-^, and d = max^jgu \r{w)\. 
Let us first perform the integration on €12 ■ Put 



n 



Using polar coordinates in fii we get 



|«;2p>|r(z)| + N + |y|+^K|2 



1^2!^ < \r{z)\ + \x\ + |y| +^|wfc 



fe=3 > 
fc=3 J 



-p{n+l) 



[ \\r{z)\ + \x\ + \y\ + y2\^kn \xfdw2< [ {\w2\Y''^''+^^\xf dw2 
Jq, \ J Ja^ 

/+00 

(„ \ -p(n+l)+l 

\r{z)\ + \x\ + \y\+J2\w,n M^ 

where L = (|r(z)| + |a;| + \y\ + J2k=3 • ^2 we obtain the same upper bound just by a 

direct estimation: 

-p(n+l) 



(\r{z)\ + \x\ + \y\+J2\^kn \xfdu,: 



2 

fe=2 

/ ri \ -P("+l) 

< Mr(z)| + \x\ + \y\ + J2 l^kfj \xfATea{n2) 

/ n \ -P(n+1) + 1 



^ i^riz)\ + \x\ + \y\ + Y^Jwk\'j \xf. 

We can do the same kind of computations on ws, . . . ,Wn, reducing the negative power by one at 
each step, until we obtain 

^ / i\r{z)\ + \x\ + i^fdxdy . 

J[0,d]xS. 



10 



MARCO ABATE, JASMIN RAISSY, AND ALBERTO SARACCO 



Since p > 1, we have —p{n + 1) + n — 1 < —2; so we can perforin once again the same kind of 
integration on y, obtaining 

If /3 > (n + l)(p - 1) we have 

l-d/\r(z)\ ,^_(„+i)(p_i) 

' - ' ^ ^' io /3-(n+l)(p-l) - 

If instead —1 </?< + 1) we can estimate as follows 



fd/\r(z)\ ,13 
^ ^1 (1 +i)p("+l)-n 

< |r(z)|^-("+i)(^'-i) 



+/3 /-d/kCz)! 



(1 +<)p("+i)-« 

The first integral in square brackets is just a (finite because (3 > —1) constant. If /? = (ri + l)(p — 1) 
the second integral is | log + logd, and thus 

Ij ^ |log|r(z)|| . 

If -1 < /3 < (n + l){p - 1) the second integral is of the form ci - C2|r(2)|~^+("+^)(P"^) for suitable 
constants ci, C2 > 0, and thus we get 

/, ^ |r(z)|^-("+i)(f-i) . 

So we obtained the desired bound on Ij as soon as z G Uj DD. But if z ^ Uj HD we have |i4r(z, w) | ^ 
1 for w G Uj n D, and thus Ij ^ 1 in this case. Putting all together, we have proved (|2.1I) . and the 

rest of the statements (i)-(iii) follows immediately recalling that Ik^^l ^ \K{-, zo)\ and using 
Lemma 12.61 

Finally, Kerzman's result [50] and (|2.2I) yield 

(|r(zo)| + |rH|) 

The supremum (in w) of the latter quantity is bounded by a constant times \r{zo)\^~^"^^'^ when 
< /3 < n + 1, and is bounded by a constant independent of zq when /3 > n + 1; recalling that 
(LemmaHU K{za, zq) « (5(zo)"^"+^^ we obtain (iv). □ 

Another fact that shall be useful later on is: 

Lemma 2.8. Let D C<Z C" be a bounded strongly pseudoconvex domain. Then S(zQ)^kzo — >■ 
uniformly on compact subsets as Zq dD for all /3 > ~{n + l)/2. 

Proof. The already quoted result by Kerzman |201 Theorem 2] of continuous extendibility of the 
Bergman kernel outside the boundary diagonal implies that for every compact subset Dq dC D 
we have 

sup \K{wo,w)\ < +00 . 

w£D ,wo£Do 

On the other hand, Lemma [2.61 vields 

\k.o{z)\^6{zoY-+'^/'\K{z,zo)\ . 
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Therefore for every compact subset Dq CC D we can find Cdq > such that 

for all z G Dq and zq Cz D, and we are done. □ 

We also recall another result from [3 , providing an estimate from below of the Bergman kernel 
on Kobayashi balls: 

Lemma 2.9 ([3| Lemma 3.2 and Corollary 3.3]). Let D CC C" be a bounded strongly pseudoconvex 
domain. Then for every r € (0, 1) there exist > and Sr > such that if Zq £ D satisfies 
6{zo) < Sr then 

Wz e BD{zo,r) inm{\K{z,za)\, |A:^o(^)P} > s{zo)''+^ ' 
We end this section with an easy (but sometimes useful) lemma: 

Lemma 2.10. Let D CC C" be a bounded domain, p C [1, +oo] and (3i < (32. Then Ap{D, f3i) 
AP{D,j32) continuously, that is 

II • llp,& ^ II • \\p,0, ■ 

Proof Put Di = {z(ED\ d{z) > 1} and Dq^D\Di. Assume p < +00, and take / C Ap{D, Pi). 
Then 

\f\PSf^^di^^ I \f\P5'^^~^^5'^^ du+ I \f\P5'^^-^^5'^^ dv 



< / \f\PS'^'diy + M'^^-^' / \f\P6'^'diy 

J Do Jdi 

< max(l,M'3^~'3i) / \f\P5^'diy 



where AI — max^g/^ 6{z) < +00, and we are done in this case. 
If p = +00 we instead have 

ll/llooA = ||/<^''l|oo < M'^-^Hl/'^'^Mloo = M^-'^HI/llooA , 

as claimed. □ 



3. 0-CARLESON MEASURES 

In this section we shall characterize Carleson measures for weighted Bergman spaces following 
ideas introduced in 3 and [19 . Let us begin with: 

Definition 3.1. Let I? CC C" be a bounded domain, /?, 6' G M and p > 1. A (analytic) Carleson 
measure of Ap{D, (3) is a finite positive Borel measure on D such that there is a continuous inclusion 
AP{D,13) ^ LP{ii), that is there exists a constant C > such that 

yfeAP{D,p) J^\f\Pd^l<c\\f\\;^^. 

On the other hand, a (geometric) 9-Carleson measure is a finite positive Borel measure on D such 
that 

ii{BD[-,r)) <u{BD{-.r)Y 
for all r G (0, 1), where the constant might depend on r. 
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Remark 3.2. A 1-Carleson measure is just an usual (geometric) Carleson measure, and thus (by [3]) 
a Carleson measure of all Ap{D) if D is strongly pseudoconvex. Furthermore, every finite measure 
clearly is 0- Carleson for any 6 < 0. 

At the end of this section we shall give examples of 0-Carleson measures (see Example 13.91 
and Theorem I3.11|) : but first we shall prove that 6'-Carleson measures and Carleson measures of 
weighted Bergman spaces are one and the same thing: 

Theorem 3.3. Let D CC C" be a bounded strongly pseudoconvex domain, and choose 1 — ^^^^ < 
6 < 2. Then the following assertions are equivalent: 

(i) fiis a Carleson measure ofallAP{D, {n+l){e-l)), that is Ap{D, (n + l)(e'-l)) ^ LP{fi) 
continuously for all p S [1, +oo); 

(ii) there exists p G [1, +00) such that pL is a Carleson measure of Ap{D, [n + 1){6 — 1)); 

(iii) /i is 9-Carleson; 

(iv) there exists tq G (0,1) such that /i-(i3£i(-, rg)) < t^(i?£)(-, tq)) ; 

(v) for every r G (0, 1) and for every r-lattice {ok} in D one has 

fi{BD{ak,r)) ^ L'[BD{ak,r)Y ; 

(vi) there exists rg G (0, 1) and a r^-lattice {ofe} in D such that 

fi{BD{ak,rQ)) ^ v[BD{ak;rQ)Y . 

Proof. (i)=>(ii). Obvious. 

(ii)=^(iii). Fix r G (0, 1), and let (5^ > and > be given by Lemma [2.91 We must prove 

that ij.(Bd{zo, r)) < Cv{^Bd{zq, r)Y for all G where C > is a suitable constant independent 
of zq. Thanks to Lemma |2.1|, it suffices to prove this statement when ^(zo) < 5r- 
Lemmas 12.91 and 12.61 yield 

';l n{Bo{z,,r)) < [ |fc.o(C)P^dM(C)< / Ik.oiOl'" df^iO 

^ / |fc.o(C)l'^'5(C)("+^)(''-^)dz.(C) 



^Siz„Y''+'^P / |i^(C,Zo)|'^5(C)'"+'^^'-'^rfKC) ■ 

Jd 

Since — 1 < (n + 1){9 — 1) < n + 1 < {11 + l){2p — 1), we can apply Theorem 12.71 obtaining 
Therefore 

KBD{zo,r)) ^ <5(zo)("+')' ^ iy{BDizo,r)Y , 
where we used Lemma |2. II 

(iii)=^(iv)=^(vi) and (iii)=>(v)=>(vi). Obvious. 

(vi)=^(i). Fixp G [l,+oo), and take / G ^''(Z?, (n + l)(6l - 1)). Clearly we have 



f \fiz)\Pdf,{z)<f2 f 



\f{z)\Pd^,{z) 

,ro) 
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Now, Lemma [2?5] gives a, K > depending only on ro (and D) such that 

K 



\f{z)\P df,{z) < 



i/(c)rMc) 

Bn{ak:Ro) 



where Rq = i(l + ro). Now, Lemma O yields ro))*^"^ ^ ^(n+i)(e-i) ^^^^j^ ^^len 61 - 1 > 

and when 9 — 1 < 0; therefore recalling Lemma [2.21 we get 

\f{zW dKz) :< 5(afe)("+i)(«-i) / |/(C)r d,.{C) 

Bn{ak,ro) J Boiak-Ba) 

JBoiakMo) 

Summing on k and recalling that, by definition of rg-lattice, there is m G N such that every point 
of D is contained in at most m balls of the form Bu{aj^., Rq) we obtain 

as claimed. □ 

Remark 3.4. The proof shows that the chains of implications (iii)=>(iv)=>(vi)=>(i)=>(ii) and 
(iii)=^(v)=^(vi)==>(i)=>(ii) hold for all 6' G M, and that the implication (ii)=>(iii) holds for 
1 — < 6 < 2p. When > 2p condition (ii) just implies that ^ is 2p-Carleson, and when 6 — 2p 
condition (ii) implies that /i is {2p — £)-Carleson for all e > 0. Furthermore, the proof shows that 
the norm of the inclusion in (i) is bounded by a constant independent of p, and also of if the 
latter is restricted to vary in a compact interval. Finally, the proof is somewhat new even for — 1, 
because it does not depend on [7]. 

Remark 3.5. The proof of the implication (vi)=>(i), recalling Lemma 12.41 shows that if fj, is 
0-Carleson then we have 

[ x{z)d^i{z)^ [ x(C)'5(C)("+'^^'-'^ di^(C) 
Jd J d 

for all nonnegative plurisuhharmonic functions X - D ^ . 

As anticipated in the introduction, another useful characterization of 0-Carleson measures relies 
on the Berezin transform. 

Definition 3.6. Let n he a finite positive Borel measure on a bounded strongly pseudoconvex 
domain D CG C". The Berezin transform of is the function D given by 



Bfi{zo) = / \k^^,{z)\- dfi{z) . 
Jd 

Then: 

Theorem 3.7. Let D CC C" be a bounded strongly pseudoconvex domain, and choose > 0. 
Then the following assertions are equivalent: 
(i) /i is 0-Carleson; 
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(ii) B^i < 

Proof. (i)=>(ii). Using Theorems 13.31 and 12.71 fand Remark l3.4p we obtain 
as claimed. 

(ii)=>(i). Fix r e (0,1); we must show that fi(BD{zo,r)) < CviyBoizQ^r))^ for all zq G -D, 
where C > is a suitable constant independent of zq. Let 5^ > Q and > be given by Lemma [2.9| 
clealy it suffices to prove the claim for (^(zo) < Sr- We have 

B^i{zo)= \k^„iz)f d^i{z) > \kz„{z)f d^i{z) > '^'^ fi{BD{zo,r)) ; 

therefore 

M(Bz3(zo,r)) < S{z„r+'B^i{z„) ^ (5(zo)("+')' 
by the hypothesis, and the assertion follows from Lemma [53] □ 

We end this section by giving examples of 0-Carleson measures. The next lemma provides a 
way of shifting the value of 9: 

Lemma 3.8. Let D CC C" be a bounded domain, and 6, i] G M. Then a finite positive Borel 
measure fi is 0-Carleson if and only if fi is (9 + :^^^)-Carleson. 



Proof. Assume /i is (?-Carleson, set = S'^fJ-, and choose r G (0,1). Then Lemmas 12.21 and 12.1 
yield 



fi4BDizo,r)) = / SiCrdfiiO =< Sizor'fi{BDizo,r)) 

JBoizo-r) 

^ S{zor,^{BD{zo,r)Y ^ ,^{BD{zo,r)Y^^ , 
and so fin is (j) + ^^^^-Carleson. Since fi = {fj,n)-ri, the converse follows too. □ 

Example 3.9. For instance, as anticipated in the introduction, S^iy is ^1 + ;^^^^-Carleson. 
To give another class of examples of 0-Carleson measures, we recall the following definition: 

Definition 3.10. Let {X, d) be a metric space. A sequence F = {xj} C X is uniformly discrete if 
there exists 6 > such that d{xj, Xk) > S for all j ^ k. In this case inf d{xj, Xk) is the separation 

constant of F. Furthermore, given x ^ X and r > we shall denote by N{x, r, F) the number of 
points Xj G F with d{xj, x) < r. 

Theorem 3.11. Let D CC. C" be a bounded strongly pseudoconvex domain, considered as a metric 
space with the distance po = tanhfeu, and choose 1 — ^^-^ < 9 <2. Let F = {zj}jgN be a sequence 
in D. Then T is a finite union of uniformly discrete sequences if and only if^j S{zjY"'^^^^5zj is 
a 9-Carleson measure, where Szj is the Dirac measure in Zj. 

Proof. Clearly it suffices to prove the only if part when F is a single uniformly discrete sequence. 
Choose p > max{l, 9/2}, and let 2r > be the separation constant of F. By the triangle inequality, 
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the Kobayashi balls BD{zj,r) are pairwise disjoint. Hence for any / e Ap(^D, [n + 1){9 — 1)) 
Lemma 12.21 yields 



Now, l/l^ is plm'isubharmonic and nonnegative; hence Lemma 12.51 and Lemma |2. II yield 



and the assertion follows from Theorem 13.31 and Remark 13.41 

Assume conversely that /i — 6{zj)'^"'^^^^ 5zj is a 6'-Carleson measure. •51 Lemma 4.1] shows 
that it suffices to prove that sup^^g^, Af(zo, r, F) < +C)o, for any r G (0,1). Fix r G (0,1), and 
let 6r > he given by Lemma [2.91 By Lemma [2.21 if S{zo) > Sr then w € B£,{zQ,r) implies 
5{'w) Sr- It is easy to see that, since /i should be a finite measure, only a finite number of Zj S F 
can have S{zj) y Sr] therefore to get the assertion it suffice to prove that the supremum is finite 
when S{zq) < Sr- 

Given zq G D with S{zq) < Sr, Lemma 12.91 vields 

Vz e BD{zo,r) S{zor+^\k,o{z)\'' > . 
Hence using again Lemma 12.21 we obtain 



N{zo,r,T) < - E S{zor+'\kz„{z)f 

Cr 



zeBDizo,r)nr 

^ J(.o)(«+i)(i-«) J2 '5(z)("+i)«|fc.„(.)p < 5(zo)("+^)(^-^)||fc.„|li.(,) 
zeBo{zo,r)nr 

^ <5(zo)("+^)(^-')l|fc.olll(„+i)(.-i) 
< 1 

by Theorems 12.71 and 13.31 fand Remark l3.4p . as desired. □ 

Remark 3.12. Notice that the proof that if F is a finite union of uniformly discrete sequences then 
'J2j S{zj)'-"-^^^^ Szj is a 0-Carleson measure works for any 9 > 0. 

4. Vanishing ^-Carleson measures 

In this section we shall characterize vanishing Carleson measures for weighted Bergman spaces; 
along the way we shall prove a few results on the functional analysis of weighted Bergman spaces 
that shall be useful in the next section too. 

Definition 4.1. Let D CC C" be a bounded domain, /3, 6 eM. and p > 1. A (analytic) vanishing 
Carleson measure of Ap[D, /3) is a finite positive Borel measure on D such that there is a compact 
inclusion Ap{D,/3) ^ Lp{h). 

On the other hand, a (geometric) vanishing 0- Carleson measure is a finite positive Borel measure 
on D such that 

lim KBdM) 
-«^a^i.(i?o(zo,r))' 
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for all r G (0,1). 

Remark 4.2. In particular, every 0-Carleson measure is a vanishing ^'-Carleson measure for all 
9' < 9. For instance, a Carleson measure is a vanishing 6'-Carleson measure for all 9 < 1. 



We start with an easy generalization of a standard lemma (see, e.g. 



Lemma 1.4.1]): 



Lemma 4.3. Let D CC C" be a bounded domain, p G [l,+oo] and /3 G R. Then for every 
relatively compact subdomain Dq dC D we can find a constant C — C{Do,p, j3) > such that 

sup |/(z)| < 

zeDa 

for all f G AP{D,I3). 

Proof. Given r > and z G C", we shall denote by Br{z) the Euclidean ball of radius r and 
center z. If ro = vaizeDa 6{z) > and M = sup^g^ S{z) < +oo, we have 

y < ^(C) < M 

for all C G 5^0/2 (-z) and z G -Do- 
Assume that p G [1, +oo). Using the usual submean property for nonnegative plurisubharmonic 
functions, for all z G Dq by Holder's inequality we then have 

^ / 1/(01 rfKC) 

'B,.o/2(^) 

1/p 



1/(^)1 < 



< v{B. 



ro/2 



■-0/2 



(^) 



i/(c)rdKC) 



/3|/P 



n i/p 



ro/2 



(^) 



|/(C)R(C)^dKC) 



<C(i?o,P,/3)ll/lU, 

where q is the conjugate exponent of p, and we are done. 
Finally, if p = +cxi we have 

f 1 1 

sup |/(z)| < max<^ Af, — ^ ll/IU,/? , 



zeDa 

and we are done in this case too. 



□ 



Using this we obtain a basic compactness property for weighted Bergman spaces on bounded 
domains: 

Lemma 4.4. Let D CC C^^ be a bounded domain, 1 < p < oo and /? G M. Then: 

(i) */{/fe} C AP{D,/3) is a norm-bounded sequence converging uniformly on compact subsets 
to he 0{D), then h G Ap{D, (i); 

(ii) the inclusion Ap(D,/3) 0{D) is compact, that is, any norm-bounded subset of Ap{D,I3) 
is relatively compact in 0{D). 

Proof, (i) If p = oo the assertion is trivial; let then 1 < p < oo and assume that {fk} C AP{D,f3) 
is a norm-bounded sequence converging uniformly on compact subsets to /i G 0{D). Then 

/ \h\PS''di^= f hm |/fc|P,5^di.<liminf / Ifkl^S^ di, < sxip\\fk\\% , 

Jd Jd''-^°° '^-^'^ JD k 
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by Fatou's lemma, and thus h £ Ap{D,13) as claimed. 

(ii) We have to prove that any norm-bomided sequence in AP{D,f3) admits a subsequence con- 
verging uniformly on compact subsets. But indeed, Lemma 14.31 says that the sup-norm on a 
relatively compact subset Dq CC D of any / e Ap{D,13) is bounded by a constant times its 
AP{D, /3)-norm. So if {fk} C Ap{D, (3) is norm-bounded, by taking a countable increasing exhaus- 
tion of D by relatively compact subdomains and applying Montel's theorem to each subdomain, 
we obtain a subsequence {/fc } converging uniformly on compact subsets to a holomorphic func- 
tion h £ 0{D) — and actually h e Ap{D, (3), by (i). □ 

As a consequence we obtain the following characterization of vanishing Carleson measures 
of AP{D,(3): 

Lemma 4.5. Let D CC C" be a hounded domain, and fi a finite positive Borel measure on D. 
Take \ < p < oo and /? C R. Then n is a vanishing Carleon measure oj Ap{D,P) if and only 
ll/fe||LP(M) ~^ for all norm-bounded sequences {fk} C Ap{D,/3) converging to uniformly on 
compact subsets. 

Proof. Assume that the inclusion Ap{D,/3) ^ LP{fi) is compact, and take {fk} C Ap{D,(3) norm- 
bounded and converging to uniformly on compact subsets. In particular, {fk} is relatively 
compact in Lp{ij,); we must prove that — > in LP{fi). To do so, by compactness, it suffices to 
show that is the unique limit point of {fk} in LP(ii). Let {fkj} be a subsequence converging 
to h £ LP{fi). Passing if necessary to a subsequence we can assume that fkj{z) h{z) /x-almost 
everywhere. But fk^O uniformly on compact subsets; therefore h = and we are done. 

Conversely, assume that all norm-bounded sequences in AP(D,f3) converging to uniformly on 
compact subsets converge to in To prove that the inclusion Ap{D, (3) ^ ^^(/^) is compact 

it suffices to show that if {fk} is norm-bounded in Ap{D, (3) then it admits a subsequence converging 
in L'P{)i). Lemma l44l vields a subsequence {fkj} converging uniformly on compact subsets to 
h G AP{D,(3). Then {fk^ — h} converges to uniformly on compact subsets; by assumption, this 
yields \\fkj — h\\]^p(^^-^ 0, and thus fkj h'm LP{^), as desired. □ 

We shall also need the following characterization of weakly convergent sequences in Ap{D, (3) 
for 1 < p < oo: 

Lemma 4.6. Let D CC C" be a bounded domain, 1 < p < oo and /3 £ M. Then: 

(i) a sequence {fk} C Ap{D,I3) is norm-hounded and converges uniformly on compact subsets 
to h £ AP{D,f3) if and only if it converges weakly to h; 

(ii) the unit ball of AP{D,13) is weakly compact, and thus Ap{D,/3) is reflexive. 

Proof, (i) Without loss of generality we can assume that h = 0. Assume that {fk} is norm- 
bounded and converges uniformly on compact subsets to 0; we have to prove that — > for 
all $ e AP{D,I3)*. Take $ e Ap{D,i3)*; by the Hahn-Banach theorem we can find $ G LP{d^iy)* 
such that ^\ap{d,i3) = ^- By the Riesz representation theorem we then get g e L'^{5^v) such that 

$(/)= / fgS^dy 

J D 

for all / G AP{D,(3), where q is the conjugate exponent of p. So it suffices to prove that 
jo hgS^ diy -^0 for all g G L?((5^z/); since functions with compact support are dense in L'^{S^i') 
it suffices to prove this when g has compact support. But in that case, denoting by Vol^ (supp((7)) 
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the volume of supp(g) with respect to the measure 6^1/, we have 

i/p 



D 



< / \fk9\Sf'd,y< 

Jsupp(g) 



supp(g) 



< Vol;3(supp(g)) sup \fk{z)\\\g\\Li{D,l3) ^ 
zesupp(g) 

because fk^^ uniformly on compact subsets, and we are done. 

Conversely, assume that fk—^0 weakly in AP{D, f3); in particular, is norm-bounded in AP{D, /3). 
Therefore, thanks to Lemma |l]ll(ii), to prove that fk^^O uniformly on compact subsets it suffices 
to show that any converging (uniformly on compact subsets) subsequence must converge to 0. 
But if fkj ~^ h £ AP{D,(3) uniformly on compact subsets the previous argument shows that fk^ 
converges weakly to h; the uniqueness of the weak limit then yields h = 0, and we are again done. 

(ii) Let {gk} be a sequence in the unit ball oi Ap{D, (3). By Lemma [44l (ii). there is a subsequence 
{gk } converging uniformly on compact subsets to 5 G 0{D)] furthermore. Lemma 14.41 fi) yields 
g e j4p(-D, P). But then part (i) implies that gk^ g weakly in Ap{D. /3), and we are done. □ 

Thus, for 1 < p < 00, Lemma l4.5l is a particular case of the following (well-known) proposition: 

Proposition 4.7. Let T: X be a linear operator between Banach spaces. Then: 

(i) if T is compact, then for any sequence {xk} C X weakly converging to the sequence 
{Txk} strongly converges to in Y; 

(ii) assume that the unit ball of X is weakly compact; then if for any sequence {xk} C X 
weakly converging to the sequence {Txk} strongly converges to in Y it follows that T 
is compact. 

Proof, (i) Suppose T is compact and let {xk} C X be weakly converging to 0. If, by contradiction, 
llTxfclly does not converge to then, up to passing to a subsequence, we may assume that there 
is (5 > such that ||Ta;/j||y > S for all k. Since T is compact, there are y € Y with y ^ and a 
subsequence {xk } such that IjTxfe — yWv 0. In particular, Txk y weakly in Y. Since for 
any ip € Y* we have ip oT G X* , we obtain 

^{Txk^) = i^oT){xk^)^0, 

and thus Txkj —5- weakly. It follows that y = 0, contradicting the assumption. 

(ii) Suppose, by contradiction, that T is not compact; then there exists a sequence {xk} C X in 
the unit ball such that {Txk} has no strongly convergent subsequence. Now, by assumption the 
unit ball of X is weakly compact; therefore we can find a subsequence {xk^} weakly convergent 
to X E X. Therefore the sequence {xk^ — x} converges to weakly, and thus, again by assumption, 
the sequence {Txkj — Tx} converges to strongly in Y , that is Txk^ Tx strongly, contradicting 
the choice of {xk}. □ 

Corollary 4.8. Let D CC C" be a bounded domain, and take p G (l,-|-oo) and /3 g R. Then a 
linear operator T: Ap{D, /3) — X taking values in a Banach space X is compact if and only if for 
any norm-bounded sequence {fk} C Ap{D,(3) converging uniformly on compact subsets to the 
sequence {Tfk} converges to in X. 

Proof. It follows immediately from Proposition |4?7] and Lemma 14.61 □ 



For p = 1 or p = 00 we do not have such a general statement. However, for our needs the 
following particular case will be enough: 
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Lemma 4.9. Let fi be a finite positive Borel measure on a topological space X , and 1 < r < oo. 
Assume that R: E ^ L'''{fi) is a compact operator, where E is a Banach space. Then for every 
norm-bounded sequence {fk\ C E such that Rfk{x) — >■ for ^-almost every x d X we have 
WRfkhnt^) ^ 0. 

Proof. Since R is compact and {fk} is norm-bounded, the sequence {Rfk} is relatively compact 
in L^{n). If, by contradiction, ||-R/fe||L'-(;i) does not converge to 0, up to a subsequence we can 
assume there is e > such that \\Rfk\\L'-{ii) ^ e for all k. By compactness, there is a subsequence 
{Rfkj} such that Rfkj — J> /i G L^ilA strongly. Passing, if necessary, to a subsubsequence we 
have Rfkj{x) — h{x) for /^-almost every a; G X; but then the assumption forces h = Q and thus 
\\Rfk,\\L-(i,) 0, contradiction. □ 

We can now prove a geometrical characterization of vanishing Carleson measures of weighted 
Bergman spaces in bounded strongly pseudoconvex domains, which is new even for A^^D): 

Theorem 4.10. Let fi he a finite positive Borel measure on a bounded strongly pseudoconvex 
domain D (ZC C", and choose 1 — ^^^^ < 9 < 2. Then the following statements are equivalent: 

(i) pi is a vanishing Carleson measure of A^i^D, (n + 1){6 — 1)) for all p G [l,+oo); 

(ii) pi is a vanishing Carleson measure of A^i^D, (n + 1){6 — 1)) for some p G [1,-|-cxd); 

(iii) pL is a vanishing 9-C'arleson measure; 

(iv) there exists rg G (0, 1) such that 

^i{BDizo,rQ)) 
iim s- — ; 

(v) for every r G (0, 1) and for every r-lattice {ok} in D one has 

lim m(^^K^O) Q. 
k^+o- „(BD{ak,r)) 

(vi) there exists G (0, 1) and a r^-lattice {ofc} in D such that 

^i{BD{ak,ro)) 
lim — ^ — . 

''^->+°°i.(Sc(afe,ro))' 

Proof. (i)=>(ii), (iii)==^(iv), (iii)=>(v), (iv)=4>(vi) and (v)=^(vi) are obvious. 

(vi)=>(i) Fix p G [1, +oo), and assume that {/;} C A^i^D, {n -\- 1){9 — 1)) is a norm-bounded 
sequence converging to uniformly on compact subsets; by Lemma 14.51 we must prove that 

Let M > be such that 

(4.1) mWn+m-i) < M 

for all I G N. By assumption, for any given e > there is A^^ G N such that 

(4.2) Vfc>iV, l^{Bn{ak.r,))^^^^ 

v[BD{ak,ro)) 

Since the balls Bu{ak,rQ) cover _D, it holds 



/ \fl\''d^, < £ / 



(4.3) / \fl\^d^i <yj \fl{zrd^l{z) 
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Since \ fi\P is plurisubharmonic and nonnegative, Lemmas 12.51 12.11 and 12.21 yield 



< c, 



ro 



v[BD(ak-,ro)) JBD{ak,Ra) 



(4.4) < c^^AEoiau^ I mWSiO^^+'^'-'-'U^iO , 

v[BD{ak,r^)) JBD(ak,Ro) 

where i?o = ^(l + '"o) and (7^,, Cro > are constants depending only on tq. 

Uniform convergence of /; to on compact subsets implies that there exists G N such that 

(4.5) V;>i, \fi{z)\P d^i{z) < e . 

k=Q ''BD{ak,ro) 

Hence gSJ, gj) and gU yield 



f ifii'df, < E / \MzWdf,iz)+ I 



IM^Wdfiiz) 

Bo(ak-ro) 



k=N^ l^{BD{ak,ro)) JBD(ak,Ro) 



J D 

for a suitable m G N as soon as Z > L^. Thus 



lim / \!i{z)\P d^l{z) = 0^ 



and /X is a vanishing Carleson measure of A^(-D, [n + 1){6 — 1)) by Lemma [4.51 

(ii)=>(iii) First of ah notice that \\kl^\\p,{n+i)(e-i) = ll^^o Il2p,(n+i)(e-i)- Therefore the assump- 
tion on 9 and Theorem 12 . 71 implv 

<5(zo)("+^)(-^)l|fc.^J|„(„_,,)(,_,) ^ <5(zo)("+^)(-^)^(zo)"+^-^^+^'"^ = 1 , 

where (2p)' is the conjugate exponent of 2p > 1. Thus the family {5{zo) }zoeD is 

norm-bounded in Ap(^D, [n + 1){9 — 1)), and then Lemmas 12.81 and 14.51 implv that 

Jim^||5(zo)("+^^(^-^)fc.^JU.(.)=0. 
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Now choose r G (0, 1), and let Sr > he given by Lemma 12^ Then if S{zo) < Sr we have 



JD 

J Bo(zo,r) 



^i(BD{zo,r)) 



v[BD{zo,r)) 

by Lemma |2.H and we are done. □ 

Remark 4.11. The imphcations (iii)=^(iv)=>(vi)=^(i)=>(ii), as well as (iii)=>(v)=>(vi), hold 
for all > 0. The implication (ii)=>(iii) works for 1 — < 9 < 2p; when 9 > 2p condition (ii) 
implies that fi is vanishing (2p — e)-Carleson for all e > 0. 

Corollary 4.12. Let ^ be a finite positive Borel measure on a hounded strongly pseudoconvex 
domain D <ZC C". If 1 — -^jqrj- < 9 < 2 is such that there is a continuous inclusion Ap(^D, (n + 
l){9 - 1)) ^ LP{fi) for some p £ [l,+oo) then the inclusion Ap{D, {n + 1){9' - 1)) LP{fi) is 
compact for all p E [1, +oo) and 9' < 9. 

Proof. It follows immediately from Theorem 14.101 and Remark 14.21 □ 

We can also use the Berezin transform to characterize vanishing 0-Carleson measures: 

Theorem 4.13. Let D CC C" be a bounded strongly pseudoconvex domain, and choose 1 — ^^^^ < 
9 <2. Then the following assertions are equivalent: 

(i) /i is vanishing 9-Carleson; 

(ii) the Berezin transform Bfi of ji satisfies S{zq)'^"'^^^^^^^'^ Bfj,{zQ) as Zq ^ dD. 

Proof. (i)=^(ii) Theorem 12.71 and Lemma [2.81 implv that 5{zQ)'^'^^'^^'^^^^^^'^kzQ is norm-bounded 
in A'^{p,{n + 1){9 — 1)) and converges to uniformly on compact subsets as zo dD. So 
Theorem 14.101 and Lemma 14.51 imply 

J D 

as zq -> dD, as desired. 

(ii)=>(i). Fix r G (0, 1), and let (5^ > be given by Lemma [^751 Since we are only interested in 
the limit as zq goes to the boundary of £), we may assume 5{zq) < Sr. Then Lemma 12.91 vields 

x( '^\n+i K^D{zo,r)) < / \k,_„{z)\'^ dfi{z) < \k^„{z)\'^ dfi{z) ^ Bn{zo) . 

Recalling Lemma [2. II we get 

^i{BD{zo,r)) ^ 5(zo)"+1Ba^(zo) ^ S{zo)^"+'^^^-o^ B^i{zo),^{BD{zo,r)Y ; 

hence 

iy[BD{zo,r)) 

and (i) follows. □ 
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Remark 4.14. The implication (ii)=>(i) holds for all 6 > 0. On the other hand, condition (i) when 
e>2 implies that (5(zo)^-("+i)B/i(zo) a.s zq ^ dD for aU e > 0. 



The analogue of Lemma [3781 is: 

Lemma 4.15. Let D C C" be a bounded domain, and 9, ry G M. Then a finite positive Borel 
measure ^ is a vanishing 9-Carleson measure if and only if S^^ is a vanishing {0 + :^^)-Carleson 
measure. 

Proof. Assume /x is vanishing 0-Carleson, set /x^ = (5''/x, and choose r G (0, 1). Then Lemmas 
and O yield 



fi^{BD{zQ,r)) _ 1 



iy{BDizo,r)y^"+' i^{BD{zo,r)y^"^' JboM 

u{BD{zo,r)Y^"^^ 

fi{BD{zo,r)) 

i^{BD{zQ,r)) 

as zq — > dD because /i is vanishing 0-Carleson, and so /i^ is vanishing (^9 + -j^^^-Carleson. Since 
/I = the converse follows too. □ 

On the other hand, uniformly discrete sequences yield vanishing 6'-Carleson measures only if 
they are finite: 

Theorem 4.16. Let D <ZC C" be a bounded strongly pseudoconvex domain, considered as a metric 
space with the distance po ~ tanh/c^, and choose 1 — < 9 < 2. Let F = {zjjjgN be a sequence 
in D. Then the following assertions are equivalent: 

(i) lim N{zn, r, F) = for all r £ (0, 1); 

za—>dD 

(ii) there exists > such that lim N{zo,rQ,T) = 0; 

zo^dD 

(iii) fie = 6(zjY'^^^'^^Szj is a vanishing 9-Carleson measure, where Sz- is the Dirac measure 
in Zj; 

(iv) F is finite. 

Proof. (i)=>(ii) is obvious. 
(ii)=>(iu) We have 



zjGSi3(zo,i-o)nr 



v[BD{zo,ro)) iV(2;o,ro,F) , 



where we used Lemmas 12.11 and 12.21 and we are done. 
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(iii)=>(i). Fix r G (0, 1), and let 6r > he given by Lemma 12^ Then if 6{zo) < 6r using as 
usual Lemmas 12.21 and 12.11 we obtain 



zeBD(2o,r)nr 

zeBoizo-r)nr 

Then Theorem O and Lemma [Ml imply that {S{zo)'^''+^'^'-^-^'^/^k^g} is norm-bounded in L'^{pg) 
and converges to uniformly on compact subsets as zq — )■ dD. Then ||(5(zo)'-"^^^^^~*''^^fczo 11^2(^0) ~^ 
as zo — ^ dD by Theorem 14 . 1 01 and Lemma [4.51 and we are done. 

(iii)=>(i). Obvious. 

(ii)+(ui)=>(iv). By (ii) there is (5o > such that N{zQ,rQ,T) = if 5{zo) < 5o] in particular, 
r n {z e £) I 5{z) < So} = 0, and thus F is contained in a relatively compact subset of D. But the 
fact that iig is a finite measure implies that F intersects any relatively compact subset of Z? in a 
finite set, and we are done. □ 

Remark 4.17. The implication (ii)=>(iii) holds for any 6 > 0. 



5. TOEPLITZ OPERATORS 

Definition 5.1. Let D CC C" be a bounded domain. The Toeplitz operator T^^ associated to a 
finite positive Borel measure on Z? is defined by 

T^f{z)= f K{z,w)f{w)dii{w) . 

JD 

Our aim in this section is to study mapping properties of Toeplitz operators by means of Carleson 
properties of the measures. Our first main result shows that being 6'-Carleson implies that the 
associated Toeplitz operator gives a gain in integrability if we use the correct weights: 

Theorem 5.2. Let D CC C" he a hounded strongly pseudoconvex domain. Given I < p < +oo, 
let p' he the conjugate exponent of p. Choose 9 > 1 — min ^1, ^j^^ , and let /i he a 9-Carleson 
measure on D. Then: 

(i) Ije <l andp<r < („^,f(,_g) , then T^: Ap{D, {n + l)p{0 - 1 + 1 - i)) ^ A^{D) 
continuously; 

(ii) tfl<9<p'and^<r< +oo, then : Ap{D, {n + l)p{9 - 1 + 7 - ^)) ^ ^' (i^) 
continuously; 

(iii) ifl<9<p' andp<r < or if p' < 9 and p < r < +00, then T^: Ap{D, {n + l){9 - 
1 — e)) — > A^{D) continuously for all e > 0; 

Furthermore, in all cases if fj, is vanishing then is a compact operator between the given spaces. 
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Proof. Fix l<p<s<r< oo, and denote by s', respectively r', the conjugate exponent of s, 
respectively r. Then 

|T;/(C)I < / \K{C,w)\\fiw)\di,iw) 



D 



\K{C,w)\'/'\f{w)\\K{C,w)\'^'' dfi{w) 



D 



< 



-< 



D 



\K{C,w)\P/'\fiwWdfiiw) 
\K{C,w)\P/'\fiw)\Pd^iiw) 



D 



- 1/p 








- 1/p 









\K{C,w}\P'/^' dfiiw) 



i/p' 



p'/s'aC,„^("+i)(9-i) 



\K{C,w)\P I' 8{w)^ 



dv(w) 



^ i/p' 



using Holder's inequality and the fact that /i is (?-Carleson (notice that p'/s' > 1). Using Theo- 
rem [2J] we then get 



(5.1) |T^/(C)|^ 



\K{C,,w)\Pl^\!(w)\Pdi,(w) 
\K{C,w)\Pl^\!(w)\Pdii(w) 
\K{C,,w)\Pl^\j(w)\Pdii{w) 



i/p 



(5(|^)("+i)(9-p7s')/p' if X 



n+l 



Hm\\ 



i/p' 



i/p 



if 6* > 4. 



Let us first consider the case 1 — < 6 < jr- Using Minkowski's integral inequality (see [131 
6.19]) wc obtain 



f (',,,'l|PA('^'l("+l)(^-p'/s')(p/p') 



\K{Cw)\P/^\f{wWS{CY 



d^{w) 



ID 



r/p 



p/r 



< / i/Hr 



|i^(C, w)|'-A5(c)("+i)(^-p'/''')('^/p') di^iC) 



D 



p/r 



d^{w) 



Since we are assuming 6 < ^ and - > 1, we automatically have (n + 1){0 ~ p' / s'){r / p') < 
{n + l){{r/s) - 1). Thus if 



(5.2) 



we can again apply Theorem 12 . 71 obtaining 

(5.3) WT.m^ [ \fiwWS{wf^Mv^'-''>+i-i]df,{w) 



Now, LemmalHSlsays that 5("+i'p[p'(^ ^^+' 
fore Theorem 13.31 and Remark 13.41 vicld 



n is (jj 



J,(6»-l) + 1 _ 1 

p' \ / ' r p 



-Carleson; there- 



(5.4) WT^^m^ \fiwWS{w)^'^+'^Pi'-'+^--pUiy{w) , 

Jd 

that is maps Ap{D, {n + l)p{0 - 1 + 7 - |)) into A''{D) continuously. 
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We have obtained this assuming 1 — ^j^^j < 9 < ^ and (|5.2p : now we would hke to choose s so 
that r can be as large as possible. Assuming 9 < ^, condition (|5.2p is equivalent to 



(5.5) 



r < 



(- + l)(f^-^) 



Since fr > 1 always, if < 1 the right-hand side of (|5.5p is largest for ^7 = 1, that is for s — p, 
and thus we get 



r < 



P 



(n+l)(l-6l) • 

Since r > p, to ensure a not empty statement we have to require 

P' , - 1 



P < 



1 



< 



and thus we have proved (i). 

Assume now 1 < 9 < p' and r > . Then 1 < 9 < ^ , and we can find p < s < r so that 



1 6* 1 6* 
-<-<-<- + mm 
p' p' s p 



1 1 



{n + l)r ' r' p' 



< 



1 



With such a choice we have 9 < and (|5.2p is satisfied; so (|5.4I) holds, and we have proved (ii). 

If instead 1 < 9 < p' and p < r < yzrg, or 9' > p' and r > p, for any p < s < r we have 9 > ^, 
and so we must use the third line in ()5.ip . Relying again on Minkowski's integral inequality we get 

-1 p/r 



D 



\K{C,w)\P/^\fiwWdfiiw) 



D 



r/p 



p/r 



dfi{w) 



< / i/Hr 

Jd 

then, since s < r, by Theorem 12.71 we get 

(5.6) \\T^.m<l \f{w)\^5{w)-(^+'y^^^-'^)d^i{w) . 

JD 

Applying Lemma Theorem 13.31 and Remark 13.41 we obtain 



D 



SO choosing s close enough to r we see that maps A^i^D, [n + 1){9 — 1 — e)) continuously into 
A'^{D) for ah e > 0. 

To complete the proof of (iii) we have to deal with the case 9 > 1 and p — r (and thus p — s 
too). If 6* = 1 we must apply the second line in (|5.ip . obtaining 



Ml ^ 



D 



(5.7) 



D 



K{(:,w)\\f{w)\^ dp{w 
Id 

< I \f{w)Y'5{w)~'^'p' dp{w) 



D 



dp,{w) 



D 
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for all < 77 < p', and thus 

JD 

for all < £ < 1, and (iii) is proved in this case too. Finally, if 6* > 1 we must apply the third line 
in (15.11): so 



\T,f\\l ^ I 

J L 



' D 

(5.8) = / i/Hr 



for all < e, and thus 



K{c,w)\\f{w)Y'd^Ji{w) 

K{C,w)\dv{0 
^ I \fiw)\PSiw)-'^"+^'^'d^i{w) 



D 



d^{w) 



Jd 

for all < e, and (iii) again holds. 

Finally, assume that fi is vanishing. In cases (i) and (ii), equation ()5.3p implies that maps 
LP{S°'^) into U'{D) continuously, where 

a ^ {n + l)p { ^[9 - I) + - 

\p r p 

Now, by Lemma [4.151 we know that is vanishing {9 + a/{n + l))-Carleson; therefore The- 
orem 14.101 and Remark 14.111 imply that the inclusion Lo,: Ap{D, {n + 1){9 + a/{n + 1) - I)) = 
AP{D,{n+l)p{9-l + l-^^)) iP ((5" /x) is compact. So T,, : Ap{D, {n+l)p{9-l + l-^)) ^ ^''(D) 
is obtained as the composition of a bounded operator with a compact operator, and hence is com- 
pact. A similar argument works in case (iii), replacing (|5.3p by (|5.6p . (|5.7p or (|5.8p according to 
the situation. □ 

Remark 5.3. Notice that ii 1 < 9 < p' then 

p(9-l + ---) >9-l <=> r<^—; 
\ r p J p' — 9 

therefore the domain of definition of is always the smallest between Ap (^D, {n+l)p{9 — l + ^~^)'j 
and AP{D, (n + 1){9 - 1 - e)). 

Remark 5.4. In the previous proof we used the fact that the argument of is a holomorphic 
function only to go from (|5.3p to (|5.4p . because we used there that p is a. Carleson measure for a 
suitable weighted Bergman spaces Ap{D, (3). But Hp, — with 77 = {n + 1){9 — 1) then the step 
from (1131) to dlH) works for aU / G iP(j("+i)p(^-i+^-5)i/), and thus we have shown that Tg,,^ 
maps continuously iP(j("+i)P(^+^-?)iy) into ^{D). 

Choosing the parameters so that the weight is positive we obtain the following: 

Corollary 5.5. Let D CC C" he a hounded strongly pseudoconvex domain. Given 1 < p < +00, 
let p' be the conjugate exponent of p. Choose 9 > 1 — -^^^ min ^1, ^j^^ ,. and let p be a 9-Carleson 
measure on D. Then: 

(i) «/ ^ <r <+oo and\ + ^~ I <9 <p', then : Ap{D) A''{D) continuously; 



TOEPLITZ OPERATORS AND CARLESON MEASURES 27 

(ii) if I < 9 < p' and p < r < or p' < 6 and p < r, then T^: Ap{D) -j> A''{D) 

continuously. 

Furthermore, in both cases if fi is vanishing then T^^ is a compact operator between the given spaces. 

Proof. It follows immediately from Theorem [521 because Lemma [2.101 implies Ap{D) ^ Ap{D^P) 
continuously for all /3 > 0. □ 

Remark 5.6. We might also consider a weighted Toeplitz operator 

Tj^fiz)^ f K{z,w)f{w)S{wfdf,{w). 

J D 

Since if ji is 6'-Carlcson wc know that 6^ is + ^^^-Carleson, as a consequence of Theorem 15. 21 

we obtain that if 1 < p < r then i+r p). A^'{D) continuously. Indeed, if 

1 < p < r then putting 0' 1 + i — ^ we have 1 < 9' < p' and jr^gr < r always; and clearly 
^ + TTTT = ^' if and only if /3 = -{n + l){9 - 1 + 1 - i). 

We now consider the case p > 1 and r = +oo: 

Theorem 5.7. Let D CC C" be a bounded strongly pseudoconvex domain, let 1 < p < +oo and 
choose 9 > 1. Let fi be a 9-Carleson measure on D. Then 

(i) ifl<e <p', then : AP{D,{n + l)p{9 - 1 - i - e)) ^ (D) continuously for all e > 0, 
where p' is the conjugate exponent of p; 

(ii) if9>p', thenTf,: AP{D,{n + l){9-l-e)) ^ A°°{D) continuously for all e > 0. 

If moreover fi is vanishing, then is compact. 

Proof. When 1 < 9 < p' , set rj = p — {p — 1)6, so that < ry < 1. Given e > so that rj + pe < 1 
set s = p/{ri +pe). Then p < s < p/rj and 9 = > where s' is the conjugate exponent of s; 
so (|5.ip and Theorem 12.71 fiv) yield 

i/p 

di |l/|lp,(„+i)(e_i_£) . 

Since 9 — \ — ^ — p{9 ~ 1 — ^ — e), we are done in this case. 

When 9 > p' we can argue in a similar way choosing s = p/e, since 9 > p' > jr- Furthermore, 
when 61 = 1 we use a similar argument based on the second line of (|5.ip with s — p. Finally, the 
statement for /i vanishing follows as in the proof of Theorem 15.21 □ 

The case p — l and r < +cxd is completely analogous to Theorem l5.21 noticing that 9 + ^ — 2 = 
9-1 + 1-1: 

Theorem 5.8. Let D CC C" be a bounded strongly pseudoconvex domain. Given < 9, let fi be 
a 9-Carleson measure on D. Then: 

(i) T^: A^{D, {n + l){9 + i - 2)) ^> A''{D) continuously for all 1 < r < +oo. 

(ii) T),: A^[D, [n + l){9 - 1 - e)) A^{D) continuously for all small £ > 0. 

Furthermore, in both cases if fi is vanishing then is compact. 



It^m/IIc 



-< 



\f{w)\P5{w)-^''+^^Pl' dfi{w) 
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Proof. Using again Minkowski's integral inequality (or plain Fubini's theorem when r = 1) and 
Theorem 12.71 we obtain 

-| l/r 

\TMr < ■ ' ' ' 



< 



I/HI 



K{C,w)\\f{w)\d^i{w)j dv{0 

-1 l/r 

\K{Cw)\'' dy{0 

D 



|/HI<5H 



dii{w) 
if r > 1, 



D 



\f{w)\S{w)-^'^+^^' d^l{w) ifr = l, 



D 



where r' is the conjugated exponent of r when r > 1, and £ > is arbitrary when r — 1. Recalling 
Lemma Em Theorem 13.31 and Remark 13.41 we obtain 



Mr ^ 



|/H|(5H("+iH»+7-2) d„{w) if r > 1, 
|/H|(5(u;)("+i)(''-i-'^) diy{w) if r = 1, 



and we have proved (i) and (ii). 

Assume finally that fj, is vanishing. The previous computation implies that when r > 1 the 
Toeplitz operator maps /i) into L^{D) continuously. Now, by Lemma l4.15l we know 

that fx is vanishing (6* — i)-Carleson; therefore Theorem 14.101 and Remark 14.111 implv 

that the inclusion t: A^{D, {n + l){e+l - 2)) ^ ii((5-("+i)/''V) is compact. So T^: A^{D, {n + 
l){9 + — 2)) -> A'^{D) is obtained as the composition of a bounded operator with a compact 
operator, and hence is compact. A similar argument works for r = 1. □ 

We also have a statement for p — 1 and r = +oo: 

Theorem 5.9. Let D CC C" be a bounded strongly pseudoconvex domain, and choose < 6. Let 
ji be a 6-Carleson measure on D. Then T^: A^(^D,{n + 1){9 — 2)) — >■ A°°[D) continuously. If 
moreover is vanishing then is compact. 

Proof. Using Theorem 12 . 71 (iv) . arguing as usual we obtain 
||T;/||oo < sup / \K{z,w)\\fiw)\d^iiw) 

zeD J D 

\f{w)\5{w)-^''+^Uii{w)< f |/H|(5(w;)("+i)(''-2)di/(u;) , 



D 



as claimed. Furthermore, when /i is vanishing the usual argument works, and we are done. 



□ 



Remark 5.10. In particular, if /i is Carleson, then maps A^(^D, ~{n + 1)) into A°°{D) continu- 
ously. 

We would like now to investigate the converse implications, using mapping properties of the 
Toeplitz operator to infer Carleson properties of the measure. 

A piece of notation: ii f, g: — !> C are such that fg G L^{D) we shall write 



/ f{z)giz)diy{z) 



D 



Then the main result linking Toeplitz operators and Carleson properties is the following basic fact: 
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Proposition 5.11. Let /i be a finite positive Borel measure on a bounded domain D CC C". Then 

Proof. Indeed using the reproducing property of the Bergman kernel we have 

f \K{w,zo)\^ ^ 



K{zo,zo) 
K{w,zq) 



K{w, zq) 
D K{zo, Zq) \Jd 



K{zq, w) d^,(w) 

K{x,w)K{zq, x) di^{x) \ dulw) 



D \JD 



zK[x,w) dfi[w) = av[x) 



y^K{zn, zn) I \jK{za, zq) 



K{x,w)kz„{w) dfi{w) I kz^ix) dv{x) 



D \Jd 

{TfJ,kzg, kzg) ■ 



□ 



Let us begin with the case 1 < p < r < +oo: 

Theorem 5.12. Let D CC C" be a bounded strongly pseudoconvex domain. Let pi be a finite 
positive Borel measure on D. Given 1 < p < +oo, assume that T^: Ap{D, (n + l)/3) A^(D) 
continuously for some p < r < +oo. Then 

(i) */ ";iTT < ^ < P - 1. ^^en /i is (^1 + | + i - -Carleson; 

(ii) if f3 — p ~ 1, then fi is (2 — ^ — -Carleson for all e > 0; 

(iii) if P > p — 1, then /i is (2 — -Carleson. 

Furthermore, in cases (i) and (ii) if is compact then pL is vanishing. 

Proof. Denoting by r' the conjugate exponent of r, Proposition 15 . Ill Holder's inequality and the 
assumption yield 

B^l{zQ) = {Tf,kza,kza) < \\Tf,kzJr\\kzo\\r' ^ \\kzo\\p,in+l)f3\\kzo\\r' ■ 

We can now use Theorem 12.71 In case (i) we have 

and the assertion follows from Theorem 13.71 
Analogously, in case (ii) we have 

Bfiizo) ^ ,5(zo)^"+'^[^-"+^-^] -^(^0)^"+'^^'-^"^] , 
for all e > 0, and again the assertion follows from Theorem 13.71 Case (iii) is identical. 
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Finally, assume that is compact, and set 0^1 



p p 



- in case (i), 9 = 2 



■ e m case 



(ii), and 9 = 2 — - in case (iii). Then Proposition 15.111 yields 



Tfi fczo 1 1 r 



if ^ >p - 1. 



If we denote by ry the exponent of 5{zq) in cases (i) and (ii), {5{zQ)^kzf,} zoeD is bounded in 
AP{D, (n + VjP) by Theorem[2Jl and converges to uniformly on compact subsets as zq dD by 
Lemma 12.81 therefore the compactness of together with Lemma 14.61 and Proposition 14.71 yield 
5(2:0)'' llTpfczo llr ^ as zo — ^ dD, and the assertion follows from Theorem 14 . 1 31 and Remark 14.141 

□ 

Remark 5.13. Since 

5(zo)~'"+^^/^fczo does not converge to uniformly on compact subsets as 
zo dD but it is merely uniformly bounded, in case (iii) we cannot conclude that /i is vanishing. 

Remark 5.14. Case (i) for /3 = and p = r shows that if : AP{D) — > AP{D) is continuous 
(respectively, compact) then fi is (respectively, vanishing) Carleson. 

We have a similar statement for p = 1 too, but the proof that if is compact then fi is vanishing 
requires a few preliminary lemmas: 

Lemma 5.15. Let D CC C" be a bounded strongly pseudoconvex domain, choose £ > and 
max|l — i;^^, 1 — e| < 9. and let ^ be a 9-Carleson measure. Then: 

(i) if ^ > 1; then {(5(zo)'"^"'^'""^^^''fczo}zo6-D norm-bounded in L^{fJ.) for all s > 1; 

(ii) ifO<e <1 and9>l, then S{zo)^"+^'>^^-^'>kzo ^ d{zoY"-+^^^ for all 1 < s < 9; 

(iii) if < e < 1 and max|l — 1 — e| < < 1, then {S{zqY"-^^^^'^^ ^'^ kzg} zoeD is norm- 
bounded in L'^in) for all 1 < s < 

Proof. If e > 1 then {S{zoY"^^''^^^i'>kz„}zoeD is uniformly bounded by Theorem 12.71 fiv). and (i) 
follows. 

Assume then < £ < 1 . Then using as usual Theorem 13.31 Remark 13.41 and Theorem 12.71 for 
any s > 1 we obtain 



^ 5(zo)("+'^^'"^^ 



1/s 



^ { 5(zo)("+i)(^"'') for any 77 > if 6* = s, 
(5(zo)("+i)" if 61 >s. 



and (ii) and (iii) follow. 



□ 



Lemma 5.16. Let D CC C" be a bounded strongly pseudoconvex domain, and /i a positive finite 
Borel measure on D. Assume that {fk} is a sequence converging to uniformly on compact subsets 
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and norm-bounded in L^{fJ-) for some 1 < s < +00. Then {T^/fc} converges to uniformly on 
compact subsets. 

Proof. Fix Df) CC D. As we already noticed, [HI Theorem 2] implies that \K{z,w)\ < C for all 
z G -Do and w ^ D; therefore 

Kfki^)\< f \K{z,w)\\fkH\dKw)<C [ \fk{w)\dti{w) 

J D J D 

for all z e Dq. So it suffices to show that \fk{w) \ d^{w) — as fc — )■ +cxd knowing that 
fk uniformly on compact subsets and ||/fc||L=(;i) ^ ^ for some 1 < s < +cxd. If s = +00 
the assertion follows from the dominated convergence theorem; assume then 1 < s < +00, and 
let s' be its conjugate exponent. Given e > 0, choose 77 > so that ijl{Dj^) < {e/2MY , where 
Dr, — {w ^ D \ 6{w) < ij}. Choose now fco so that 

sup |/fc(w)| < ,nx r, \ 

for all fc > fco- Then 



\fkiw)\d^iiw) < \fkiw)\dfi{w) + \fkiw)\d^iiw) 

J D\D,, J Dn 

<'^ + \\fk\\LHMD,y^'' <s 

for all k > ko, and we are done. □ 

Corollary 5.17. Let D CC C" be a bounded strongly pseudoconvex domain, choose e > and 
9 > max|l — — £|, and let ji be a 9-Carleson measure. Then (5(2;o)*-"^^-"''^^5)Tpfc2Q — > 

uniformly on compact subsets as zq — >■ dD. 

Proof. It follows immediately from Lemmas 12. 8[ 15.151 and 15.161 □ 

We can now deal with the case p — 1 < r < +00: 

Theorem 5.18. Let D CC C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D. Assume that Tf, : A^{D, {n + l)/3) ^ A^{D) continuously for some 
1 < r < +00. Then 

(i) if < 13 <0, then ^ is (2 + /3 - ^)-Carleson; 

(ii) if f3 ~ 0, then /i is (2 — -i — e)-Carleson for all e > 0; 

(iii) if /3 > 0, then ^ is (2 — ^)-Carleson. 

Furthermore, in cases (i) and (ii) if is compact and r > 1 then fi is vanishing. 

Proof. The first part of the proof goes exactly as for Theorem 15. 121 denoting by r' the conjugate 
exponent of r, Proposition 15 . 1 ll the Holder inequality and the assumption yield 

Bfi{zo) = {Tf,k^^,k,„) < ||T^fczol|r||fczol|r' ^ 1 1 ^^o II l,(n+l)/J II II r' • 

We can now use Theorem 12.71 In case (i) we have 

and the assertion follows from Theorem 13.71 
Analogously, in case (ii) we have 
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for all £ > 0, and again the assertion follows from Theorem 13.71 Case (iii) is identical. 

Finally, assume that is compact; in this case the argument is slightly different because we 
cannot apply Lemma and ProDOsition l4.7l Anyway, set 9 — 2 + (3 — ^ in case (i), 9 = 2 — ^ — e 
in case (ii), and = 2 — i in case (iii). Then Proposition 15.111 yields 

5(zo)("+i)(i-^)i3/i(zo) < Sizo)'^"+'^^'-'^\\T^kMk.o\\r' 

( <5(z„)("+i)(-^-^)||T^A:,J|. if < /3 < 0, 

^ h(zo)^"+'^(""^)||r^fc.ollr if/3-0, 
[s{zo)-^\\T^k,Jr if/3>0. 

If we denote by ry the exponent of 6{zq) in cases (i) and (ii), {d{zo)^ kz^} zgi^D is norm-bounded in 
(Z?, {n + l)/3) by Theorem 12. 71 and 5{zQ)^T^kzg converges to uniformly on compact subsets as 
zo dD by Corollary 15 . 1 71 fthat we can use because r > 1); we claim that 5{zo)^\\Tfj,kzg\\r — >■ 0. If 
not, we can find a sequence Zj — >■ dD and 5 > such that 6{zj)^\\T^kzj \\r > 5 for all j G N. Now, 
since {S{zo)'^kz„}zoeD is norm-bounded and T^, is compact, up to a subsequence we can assume 
that 5{zj)'^Tfj^kzj — ?> /i G A^{D) strongly. But we know that 5{zj)'^T^kzj — > uniformly on compact 
subsets; therefore h = Q and thus 5{zj)^\\T^kz-\\r 0, contradiction. 

So 5{z{)Y'\\T^kzQ\\r — !• as zq ^ dD, and the assertion follows from Theorem 14.131 and Re- 
mark Ol □ 

We finally haye a statement for 1 < p < +oo and r = +oo too: 

Theorem 5.19. Let D CC C" he a hounded strongly pseudoconvex domain. Let ^ he a finite 
positive Borel measure on D. Given I <p < +oo, assume that T^: Ap{D, {n + 1)^) A°°(£)) 
continuously. Then 

"nTT /3 < p — 1, then /i is ^1 + ^ + i — -Carleson for all e > 0; 
(ii) if P > p — 1, then fi is (2 — e)- Carleson for all e > 0. 
Furthermore, in both cases /i is vanishing. 

Proof. Proposition 15 . 1 ll Holder's inequality and the assumption yield 

Bfiizo) = {Tf,kz„,kz„) < ||T^A:^olloo||A:^olli ^ \\kzo\\p,{n+i)t3\\k^oh ■ 
We can now use Theorem 12.71 In case (i) with /? < p — 1 we haye 

BK^o) ^ <5(zo)^"+'^[^+^"^+^^ = 5(zo)("+^'[^+^-^] , 

and the assertion follows from Theorem 13.71 

Analogously, in case (i) with /? = p — 1 we haye 

B^l{zo) ^ S{zoY"+^^^^-'+^~'^ = ,5(zo)("+i)[i-2^1 , 

for all e > 0, and again the assertion follows from Theorem 13. 71 Case (ii) is identical, and the final 
assertion follows from Remark 14.21 □ 

Remark 5.20. A similar argument shows that if T^: A°°(^D, (n-|-l)/3) -> A°°{D) continuously then 

(i) if < /3 < 1 then ^ is yanishing {1 + /3 — e)-Carleson for all e > 0, and 

(ii) if /3 > 1 then /i is yanishing (2 — £)-Carleson for all e > 0. 

We finally summarize our results giving a few "if and only if statements. We begin with some 
general though technical results: 
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Corollary 5.21. Let D CC C" be a bounded strongly pseudoconvex domain. Given 1 < p < +oo, 
choose 1 — (n+i]p < ^ < 1- Then a finite positive Borel measure fi on D is 0-Carleson (respectively, 
vanishing 9-Carleson) if and only if T^: Ap(^D, {n + l)p{0 — 1 + i — i)) — > A^{D) continuously 

(respectively, is compact) for some (and hence all) p < r < min , ^n+l){i-e) ^ ' ^^^^6 

p' is the conjugate exponent of p. 

Proof. One direction follows from Tlieoreni l5.2l (i'). while the converse follows from Theorem l5.12l (i) 
applied to (i — p{9 — 1 + i — i); notice that the assumption on r ensures that — < < P — 1, 

and the assumption on 9 ensures that p < („^f)^^(^lg)^„ ■ n 

Corollary 5.22. Let D CC C" be a bounded strongly pseudoconvex domain, and choose 1 < 
p < +00. Then a positive finite Borel measure fi on D is 9-Carleson (respectively, vanishing 
9-Carleson) for all 9 < 1 if and only if T^: A^^D, [n + ~ p ^ ^•^) ~^ A^[D) continuously 

(respectively, is compact) for some (and hence all) p < f < p (l + ^) and all £ > 0. 

Proof. It follows from the previous corollary. □ 

Corollary 5.23. Let Z) CC C" be a bounded strongly pseudoconvex domain, and choose 1 — < 
9 < \. Then a positive finite Borel measure fi on D is 9-Carleson (respectively, vanishing 9- 
Carleson) if and only if T^ : A^ (Z?, — 1 + ^ — 1)) — >■ A^ [D) continuously (respectively, is 

compact) for some (and hence all) 1 < r < (^n+i)(2-0)-i • particular, ji is Carlcson (respectively, 
vanishing Carlcson) if and only ifT^: A^i^D, (n + 1)(^ — 1)) A^'{D) continuously (respectively, 
is compact) for some (and hence all) 1 < r < 1 + i. 

Proof. One direction is Theorem 15.81 while the converse follows from Theorem 15.181 applied with 
/3 = 0— 1 + i — 1; notice that the assumption on r ensures that — < /3 < 1, and the assumption 
on 9 ensures that 1 < („_|_i"(^lg)_i ■ n 

We obtain more expressive corollaries if we strive for clarity instead of generality: 

Corollary 5.24. Let D CC C" be a bounded strongly pseudoconvex domain. Let ^ be a finite 
positive Borel measure on D, and take 1 < p < r < +oo. Then the following statements are 
equivalent: 

(i) T^j : AP{D) A^{D) continuously (respectively, compactly); 

(ii) fi is (respectively, vanishing) (^1 + ^ ~ -Carlcson. 

Proof. (i)=>(ii) follows immediately from Theorem l5.12[ while (ii)=4>(i) follows from Theorem l5.2l 
noticing that if6' = l + | — i then 1 < p < r implies 1 < 9 < p' and ^^rig < r. □ 

Remark 5.25. The implication (i)=^(ii) holds for p — r too; the best result we have for the reverse 
implication when p = r is CoroUarv 15 . 281 below. 

As recalled in the introduction, in (21 Cuckovic and McNeal studied special Toeplitz operators 
of the form 

Ts.f{z)= f K{z,w)f{w)5{wy dy{w) . 

JD 

In our context, Tgr, = Ts-ny-^ since is ^1 + ^^^^-Carleson by Lemma 13.81 we can recover the 

main Theorem 1.2 of [9j as a consequence of our CoroUarv 15.241 in particular, it follows that the 
gain in the exponents proved in [5] is sharp. 
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Corollary 5.26 Theorem 1.2]). Let D CC C" be a hounded strongly pseudoconvex domain, 
and let > 0. 

(a) IfO<T]<n+l, then: 

(i) if 1 < p < oo and ^"^^^ < ^jzy, then Tgv : U'{D) — > U'^'^{D) continuously, where 

G = pV{Hr-p); 

ill) if 1 < p < oo and ^"^^^ > then Tsv : U'{D) U'{D) continuously for all 

p < r < oo. 

(b) Ifr]>n + l, then Tsv : L^{D) L°°{D) continuously. 

Proof. First of all, notice that < r] < n + 1 and < are equivalent to requiring that 

< < |, and thus 1 + ^ - 6* > 0, where 6* = 1 + Then 

n 11 

1 + — ^ = 1 + ^ r=p + G, 

71+1 p r 

and thus (a).(i) follows immediately from Corollary 15. 241 and Remark 15.41 

Analogously, if "t"'" > we have —tt > - and thus, settiner again 9 — 1 ~{ — tt, we have 

6* > 1 + i — i for all r > p; therefore Corollary 15.241 and Remark 15.41 again imply that Tgr, maps 

LP{D) into L^{D) continuously for all p < r < oo, that is (a).(ii). 

Finally, (b) is a trivial consequence of Theorem 12 . 71 ( iv) . □ 

Corollary 5.27. Let D CC C" be a bounded strongly pseudoconvex domain. Let fj, be a finite 
positive Borel measure on D, and take l<p<r<p(l + i). Then the following statements are 
equivalent: 

(i) T^: AP(^D, {n + l)p(-^ — ^)) — > A'^{D) continuously (respectively, compactly); 

(ii) fi is (respectively, vanishing) Carleson. 

Proof. Whenp > 1, (i)=>(ii) follows immediately from Theorem l5.12l with —j;^ </3 = f^l<0, 

while (ii)=4'(i) follows from Theorem 15.21 noticing that -rrj =p. 

When p — 1, one instead uses Theorems [5;H] and EHf □ 

Corollary 5.28. Let D CC C" be a bounded strongly pseudoconvex domain. Let fi be a finite 
positive Borel measure on D, and take 1 < p < +oo. Then the following statements are equivalent: 

(i) Tu : AP(^D, —{n + l)ej — > Ap{D) continuously (respectively, compactly) for all £ > 0; 

(ii) fi is (respectively, vanishing) 9 -Carleson for all 9 < 1. 



Proof. It follows immediately from Theorems 15.121 and 15.21 when p > 1, and from Theorems 
and 15.181 when p = 1. □ 

Corollary 5.29. Let D CC C" be a bounded strongly pseudoconvex domain. Let fi be a finite 
positive Borel measure on D, and take 1 < r < +oo. Then the following statements are equivalent: 

(i) : A^i^D, — (n + l)e) — > A^{D) continuously (respectively, compactly) for all e > 0; 

(ii) /i is (respectively, vanishing) 9 -Carleson for all 9 < 2 — ^ . 

Proof. It follows immediately from Theorems 15.81 and 15.181 □ 

Corollary 5.30. Let D CC C" be a bounded strongly pseudoconvex domain. Let fi be a finite 
positive Borel measure on D, and take I < p < +oo. Then the following statements are equivalent: 

(i) T^: A^i^D, — (n + 1)2) — > A°°{D) continuously (respectively, compactly) for all e > 0; 

(ii) fj, is (respectively, vanishing) 9-Carleson for all 9 < I -\- ^. 
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Proof. It follows immediately from Theorems 15.91 15-71 and 15.191 □ 

Remark 5.31. The techniques we introduced can clearly be used to study mapping properties of 
Toeplitz operators having unweighted Bergman spaces as domain and weighted Bergman spaces 
as codomain; we leave the details to the interested reader. 
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